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Abstract
We give a more general set of necessary and sufﬁcient conditions for a T -quasigroup to be an (r, s, t)-inverse quasigroup than
that given in Part I of the paper and show that the constructions given there are special cases of this more general one.
We prove the existence of (r, s, t)-inverse quasigroups for every choice of positive integers r , s, t and we discuss the existence
of properly deﬁned direct products in more detail.
Finally, we show that the left, right and middle A-nuclei of an (r, s, t)-inverse quasigroup are isomorphic, and in the case of
a loop, coincide.
© 2004 Elsevier B.V. All rights reserved.
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1. Deﬁnitions
In [11], we introduced the new concept of an (r, s, t)-inverse quasigroup which embraces the notions of weak-inverse, crossed-
inverse and m-inverse quasigroups. In the present paper, we give a more general set of necessary and sufﬁcient conditions for a
T -quasigroup to be an (r, s, t)-inverse quasigroup and show that the constructions given in [11] are special cases of this more
general one.
We prove the existence of (r, s, t)-inverse quasigroups for every choice of positive integers r , s, t .
Also, we obtain sufﬁcient conditions for a direct product to be a properly described (r, s, t)-inverse quasigroup for only one
set of positive integers r, s, t .
We discuss the properties of the left, right and middle autotopy nuclei of an (r, s, t)-inverse quasigroup and show that they
are isomorphic and in the case of a loop, coincide.
We begin by recalling the necessary deﬁnitions.
Deﬁnition 1.1. Suppose that there exists a permutation J of the elements of a quasigroup (Q, ◦) such that, for all x, y ∈ Q,
(x ◦ y)J r ◦ xJ s = yJ t , (1.1)
where r, s, t are integers. Then (Q, ◦) is called an (r, s, t)-inverse quasigroup.
As we showed in [11], a weak-inverse-property quasigroup (WIP-quasigroup) is a (−1, 0,−1)-inverse quasigroup.
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An m-inverse quasigroup is the special case of an (r, s, t)-inverse quasigroup when r = t = m and s = m + 1. Moreover, a
0-inverse quasigroup is a crossed-inverse quasigroup (CI-quasigroup).
In the special case when (Q, ◦) is a loop with identity element e and x ◦ xJ = e for all x ∈ Q, we have an (r, s, t)-inverse
loop. However, every (r, s, t)-inverse loop with the property that x ◦ xJ = e for all x ∈ Q is in fact an r-inverse loop, as we
showed in [10].
In contrast to this fact, we prove:
Theorem 1.1. A groupoid (Q, ◦)which has the (r, s, t)-inverse property relative to some permutation J of Q is an (r, s, t)-inverse
quasigroup (relative to J).
Proof. Suppose that a ◦y=b in the groupoid. Then, since (a ◦y)J r ◦aJ s =yJ t , we have y= (bJ r ◦aJ s)J−t so y is uniquely
determined by a and b.
Suppose that x ◦ a = b in the groupoid. Then, since (a ◦ x)J r ◦ aJ s = xJ t ⇔ aJ−s ◦ (x ◦ a)J−t = xJ−r (see [11, p. 2]),
we have x = (aJ−s ◦ bJ−t )J r so x is uniquely determined by a and b.
It follows that both of the equations a ◦ y = b and x ◦ a = b have unique solutions in the groupoid and so the groupoid is a
quasigroup. 
Remark 1.1. A similar result for WIP-quasigroups was obtained by Steinberger in [19].
Deﬁnition 1.2. A quasigroup (Q, ·) deﬁned over an abelian group (Q,+) by x · y = c + x+ y, where c is a ﬁxed element
ofQ and  and  are both automorphisms of the group (Q,+), is called a T-quasigroup. (See [14,15].)
2. A main theorem
Theorem 2.1. A T-quasigroup (Q, ◦) deﬁned over an abelian group (Q,+) by x ◦ y = c + x + y is an (r, s, t)-inverse
quasigroup with respect to the permutation J =L+
b
, where  ∈ Aut(Q,+) and L+
b
is the left translation of the group (Q,+)
deﬁned by the element b ∈ Q, if and only if
(i) c + Br+ cr+ Bs= Bt ; (ii) s= rI0; (iii) t = r, where Bu = b+ b2 + · · · + bu and I0 is deﬁned
by x + xI0 = 0 for all x ∈ Q.
Proof. Necessity: We ﬁrst show that h(L+
b
)u = Bu + hu. We have
h(L+
b
)u = (b + h)(L+
b
)u−1
= (b+ h)(L+
b
)u−1
= (b + b+ h)(L+
b
)u−2 = (b+ b2 + h2)(L+
b
)u−2 = · · · = · · ·
= (b+ b2 + b3 + · · · + bu−1 + hu−1)(L+
b
)u−(u−1)
= (b + b+ b2 + b3 + · · · + bu−1 + hu−1)= Bu + hu as stated.
We require that (x ◦ y)J r ◦ xJ s = yJ t for all x, y ∈ Q, where J = L+
b
. That is, we require
(c + x+ y)J r ◦ xJ s = yJ t or
c + [(c + x+ y)(L+
b
)r ]+ x(L+
b
)s= y(L+
b
)t .
So, we require that
c + [Br + (c + x+ y)r ]+ [Bs + xs ]= Bt + yt or
c + Br+ cr+ xr+ yr+ Bs+ xs= Bt + yt for all x, y ∈ Q.
Therefore, it is necessary that c+Br+ cr+Bs=Bt and r+ s= 0 and r= t . These are conditions (i)–(iii)
of the theorem.
Sufﬁciency: It is easy to see that, when conditions (i)–(iii) hold,
(x ◦ y)(L+
b
)r ◦ x(L+
b
)s = Bt + yt = y(L+b )t
for all x, y ∈ Q and so (Q, ◦) is an (r, s, t)-inverse quasigroup with respect to the permutation J = L+
b
. 
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Corollary 2.1. A T-quasigroup (Q, ◦) deﬁned over an abelian group (Q,+) by x ◦ y = c + x + y is an (r, s, t)-inverse
quasigroup with respect to the permutation J = , where  ∈ Aut(Q,+), if and only if
(i) c + cr= 0; (ii) s= rI0; (iii) t = r.
This is a special case of Theorem 3.1 of [11].
Corollary 2.2. AT-quasigroup (Q, ◦) deﬁned over an abelian group (Q,+) by x◦y=x+y is an (r, s, t)-inverse quasigroup
with respect to the permutation J = L+
b
if and only if (i) = −1; (ii) 3 = I0; and (iii) rb+ sb= tb.
Proof. When c = 0 and = I in Theorem 2.1, we ﬁnd that Bu = ub and the stated result follows at once since = 2I0 and
= I imply that = −1 and so 3 = I0. 
Since an automorphism maps generators to generators, every automorphism of (Zm,+) is of the form z → hz, where h is
relatively prime to m. Thus, in the T -quasigroup (Zm, ·) deﬁned over (Zm,+) by x · y = x+ y, we have = −1, where
 : z→ hz and h3 =−1 (because z3 = zI0 for all z ∈ Zm).
It follows that h=−1 or, in the case when√−3 ∈ Zm, h= h1 or h2, where h1 = (1+
√−3)/2 and h2 = (1−
√−3)/2.
[In the latter case, h1 and h2 are the roots of the equation h2 − h + 1 = 0 so h1h2 = 1. Consequently, both h1 and h2 are
relatively prime to m and so they do deﬁne automorphisms of (Zm,+).]
We shall show that
√−3 lies in Zm if and only if m= 2kpk11 pk22 . . . pkuu , where k = 0, 1 or 2 and each prime pi has the form
pi = 6vi + 1.
Firstly, we remark that the condition that−3 is a quadratic residue of the prime p is that the Legendre symbol
(−3
p
)
= 1. We
note that(−3
p
)
=
(−1
p
) (
3
p
)
. Also, by Gauss’s reciprocity theorem,(
3
p
) (p
3
)= (−1) 12 (3−1). 12 (p−1) = (−1) 12 (p−1). Hence, we have(−3
p
)
=
(−1
p
) (
3
p
)
=
(−1
p
) (p
3
)
(−1) 12 (p−1). FromWilson’s theorem,
(−1
p
)
= 1 if and only if p = 2 or p ≡ 1mod 4.
Thus, ifp ≡ 1mod 4,
(−1
p
)
=1 and (−1) 12 (p−1)=1. Ifp ≡ 3mod 4,
(−1
p
)
=−1 and (−1) 12 (p−1)=−1. Hence,
(−3
p
)
=(p3
)
for all odd primes p.
We observe that, for an odd prime p, (p3 )=1 if and only if p ≡ 1 mod 3 since 12=22 ≡ 1mod 3. Since p ≡ 1mod 3 implies
that p ≡ 1mod 6 if p is odd, we conclude that −3 is a square modulo p if and only if p ≡ 1mod 6 (or if p = 2).
Secondly, we have the following theorem (see, for example, [7, Theorem 226, p. 200]):
Theorem N. Ifm=2kpk11 pk22 . . . pkuu , where p1, p2,…,pu are distinct prime numbers, then the equation x2 ≡ a mod m, where
a is relatively prime to m, has solutions for x if and only if (i) a is a quadratic residue for each of the primes p1, p2, . . . , pu;
and (ii) if and only if a ≡ 1mod 4 in the case when k = 2 or a ≡ 1mod 8 in the case when k3.
Also, the number of solutions of the equation x2 ≡ amodm when solutions exist is 2u when k= 0 or 1, 2u+1 when k= 2 and
2u+2 when k3.
It follows fromTheoremN that the equation x2 ≡ −3modm has 2u solutions ifm=pk11 pk22 . . . pkuu or ifm=2pk11 pk22 . . . pkuu ;
2u+1 solutions if m = 4pk11 pk22 . . . pkuu where, in each case, pi ≡ 1mod 6 for i = 1, 2, . . . , u; and otherwise has no solutions(since −3 /≡ 1mod 8).
For the next theorem, we shall need a result due to Belousov [5]. Since [5] is not easy to obtain outside Moldova, we state and
prove the result we shall need as a lemma.
Lemma 2.1. Any autotopism of an abelian group (Q,+) takes the form (Ra, Rb, Ra+b), where Ra , Rb, Ra+b are right
translations of (Q,+) and  is an automorphism of (Q,+).
Proof. Let (, , ) be an autotopism of (Q,+). Then (x + y) = x + y for all x, y ∈ Q. In particular, 0 = 0 + 0,
(x + 0)= x+ 0 and (0+ y)= 0+ y. We may re-write these relations as c= a+ b, x− b= x and y− a= y, where
a = 0, b = 0 and c = 0. That is, = R−b and = R−a , where a + b = c. It follows that (x + y)= xR−b + yR−a =
(x− b)+ (y− a)= x+ y− c.
Then (x + y)R−c = (x+ y− c)R−c = x+ y− c− c= xR−c + yR−c. That is, R−c is an automorphism of (Q,+).
Let = R−c. Then, = Rc, = R−b = R−cRa = Ra and = R−a = R−cRb = Rb.
The result of the Lemma now follows: namely, (, , )= (Ra, Rb, Ra+b). 
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Theorem 2.2. A T-quasigroup (Zm, ·) deﬁned over the cyclic group (Zm,+) by x · y = x + y which is an (r, s, t)-inverse
quasigroup with respect to the permutation J = L+
b
for some ﬁxed element b ∈ Zm must be of one of the following two kinds:
(a) a totally symmetric quasigroup of the form x · y =−x − y; or
(b) a medial distributive quasigroup of the form x · y = x + y−1, where  : z → hz and h is a root of the equation
h2 − h+ 1= 0.
In each case, r , s and t are related by the equation h2r + s = ht .
Up to isomorphism, there is just one (r, s, t)-inverse T-quasigroup of the ﬁrst kind for every positive integer m. But (r, s, t)-
inverse T-quasigroups of the second kind exist only if m is a positive integer of one of the following three types: (i) m =
p
k1
1 p
k2
2 . . . p
ku
u , (ii) m= 2pk11 pk22 . . . pkuu , (iii) m= 4pk11 pk22 . . . pkuu where, in each case, pi ≡ 1mod 6 for i = 1, 2, . . . , u.
When they exist, there are 2u isomorphically distinct (r, s, t)-inverse T-quasigroups of types (b)(i) and (b)(ii) and 2u+1
isomorphically distinct (r, s, t)-inverse T-quasigroups of type (b)(iii).
Proof. We have already proved the ﬁrst part of the theorem since h=−1 gives a quasigroup of the ﬁrst kind. Also, the fact that
r , s, t must be related by the equation h2r + s = ht follows directly from condition (iii) of Corollary 2.2 above.
Now, suppose that the T -quasigroups x ◦ y = x+ y−1 and x · y = x+ y−1 are isomorphic, where  : z → hiz and
 : z→ hj z. Then there is a permutation  of Zm such that x ◦ y = z⇔ x · y= z. That is, x · y= (x ◦ y) or
(x)hj + (y)h−1j = (xhi + yh−1i ) (2.1)
for all x, y ∈ Zm.
Let us replace x by xh−1
i
and y by yhi in this equality. Thenwe have [(xh−1i )]hj+[(yhi)]h−1j =(x+y) for all x, y ∈ Zm.
So (h−1
i
hj , hih
−1
j
, ) is an autotopism of the abelian group (Zm,+).
By Lemma 2.1, every such autotopism takes the form (Ra, Rb, Ra+b), where  ∈ Aut(Zm,+), so  = Rt for some
t = a + b ∈ Zm.
Then, from the equality (2.1), (x + t)hj + (y + t)h−1j = (xhi + yh−1i ) + t . Since this equality holds when x = y = 0,
we have thj + th−1j = t and so (x)hj + (y)h−1j = (xhi + yh−1i ). The case when y = 0 gives (x)hj = (xhi). But
(x)hj = x+ x+ · · · + x= (x + x + · · · + x)= xhj,
so hi = hj . Thus the number of non-isomorphic (r, s, t)-inverse T -quasigroups of type (b) is equal to the number of solutions
of the congruence x2 ≡ −3modm. We deduced this number from Theorem N. This completes the proof. 
Example 2.1. Letm=14. The congruence x2 ≡ −3mod 14 has two solutions: namely, 5(≡ −9) and 9(≡ −5). So the equation
h3 =−1 has solutions h=−1, h= 1+52 = 3 and h= 1+92 = 5 modulo 14. Also, 3−1 ≡ 5 and 5−1 ≡ 3 mod 14 so we get three
isomorphically distinct T -quasigroups which are (r, s, t)-inverse quasigroups relative to the mapping J =L+
b
of Z14. These are
as follows:
(a) (Z14, ◦) deﬁned by x ◦ y =−x − y, where r + s + t = 0 (since h=−1);
(b) (Z14, ·) deﬁned by x · y = 3x + 5y, where s = 3t − 9r (since h= 3);
(c) (Z14, ∗) deﬁned by x ∗ y = 5x + 3y, where s = 5t − 11r (since h= 5).
[CHECK: (x ◦ y)J r ◦ xJ s = (rb + x ◦ y) ◦ (sb + x)=−(rb − x − y)− (sb + x)= (−r − s)b + y = tb + y = yJ t , since
r + s + t = 0.
(x ·y)J r ·xJ s=(rb+x ·y) ·(sb+x)=3(rb+3x+5y)+5(sb+x)=(3r+5s)b+14x+15y=(3r+15t−45r)b+14x+15y
since s = 3t − 9r ≡ tb + y mod 14 =yJ t .
The quasigroup (Z14, ∗) is anti-isomorphic to the quasigroup (Z14, ·).]
Corollary 2.3. AT-quasigroup (Zm, ·) deﬁned over the cyclic group (Zm,+) by x ·y=x+ywhich is an r-inverse quasigroup
with respect to the permutation J = L+
b
for some ﬁxed element b ∈ Zm must be a totally symmetric r-inverse quasigroup, with
3r ≡ −1mod m, of the form x · y =−x − y.
Proof. Since, byTheorem2.2, in an (r, s, t)-inverse quasigroupof the abovekind, r , s and t are related by the equationh2r+s=ht ,
we ﬁnd that the equality h2r + (r + 1) ≡ hr mod m must hold if it is an r-inverse quasigroup. So, (h2 − h+ 1)r ≡ −1modm.
This equation is not soluble for r when h2 − h + 1 = 0 and so the quasigroup must be of type (a) with h = −1. Then 3r ≡
−1modm. 
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Example 2.2. Let m = 14. Then the T -quasigroup deﬁned over the cyclic group (Zm,+) by x · y = −x − y is a 9-inverse
quasigroup relative to the permutation J = L+
b
of Z14.
3. The existence of (r, s, t)-inverse quasigroups for speciﬁed values of r , s and t
We can use Corollary 2.2 to give a construction for an (r, s, t)-inverse quasigroup of any order 3n such that n is not relatively
prime to r + s + t as follows:
Let (G,+) be an abelian group which has an element c whose order divides r + s + t . Let F =G×G×G so that (F,+) is
the group of ordered triples of elements from G. Let  be the automorphism of (F,+) which is deﬁned by  : (x1 x2 x3) →
(−x3 −x1 −x2). Then,3 maps (x1 x2 x3) to (−x1 −x2 −x3) so3=I0.Also,−1= is the automorphism (x1 x2 x3)→
(−x2 − x3 − x1).
We deﬁne the T -quasigroup (F, ◦) by x ◦ y = x+ y, where x = (x1 x2 x3), and let b = (c c c). Then, by Corollary 2.2,
(F, ◦) is an (r, s, t)-inverse quasigroup with respect to the permutation J =L+b if r b+ s b= t b. That is, if r(−c − c − c)+
s(−c − c − c)= t (c c c). This condition is satisﬁed if the order of the element c in (G,+) divides r + s + t . In that case, the
permutation J has order equal to ord c in (G,+) and so the inverse cycles of (F, ◦) have length equal to ord c.
[CHECK : (x ◦ y)J r ◦ xJ s = [(x1 x2 x3)+ (y1 y2 y3)]J r ◦ xJ s
= [(−x3 − x1 − x2)+ (−y2 − y3 − y1)]J r ◦ (x1 x2 x3)J s
= (−x3 − y2 + rc − x1 − y3 + rc − x2 − y1 + rc) ◦ (x1 + sc x2 + sc x3 + sc)
= (−x3 − y2 + rc − x1 − y3 + rc − x2 − y1 + rc)+ (x1 + sc x2 + sc x3 + sc)
= (x2 + y1 − rc x3 + y2 − rc x1 + y3 − rc)+ (−x2 − sc − x3 − sc − x1 − sc)
= [y1 − (r + s)c y2 − (r + s)c y3 − (r + s)c].
Also, yJ t = (y1 + tc y2 + tc y3 + tc). So (x ◦ y)J r ◦ xJ s = yJ t if (r + s + t)c = 0: that is, if ord c in (G,+) divides
r + s + t .]
We can use this construction to prove:
Theorem 3.1. (1) There exist (r, s, t)-inverse quasigroups of every order 3n such that n is not relatively prime to r + s + t with
inverse cycles of length equal to the GCD of n and r + s + t .
(2) There exist (r, s, t)-inverse quasigroups of order 3(r + s + t) with inverse cycles of length r + s + t .
Proof. (1): Let k be the GCD of n and r + s+ t . Let (G,+) be an abelian group of order n which has an element of order k and
choose the element c in the construction described above to be this element (For example, we may take (G,+) to be the direct
sum of cyclic groups of order k.) The result follows.
(2): In the special case of the construction described above when (G,+) is the cyclic group of order n= r + s + t and c is a
generator of that group, the quasigroup (F, ◦) has order 3n and its inverse cycles are of length n. 
Corollary 3.1. (r, s, t)-inverse quasigroups exist for every choice of positive integers r, s and t.
4. Autotopisms and direct products
In [11], we proved the following result:
Let (Q, ·) be a quasigroup which is an (r1, s1, t1)-quasigroup relative to the permutation J of Q. Then (Q, ·) is also an
(r2, s2, t2)-quasigroup (relative to J), where (r2, s2, t2) /∈ {(r1 + uh, s1 + uh, t1 + uh) : u ∈ Z} for any choice of h such that
Jh ∈ Aut(Q, ·) if and only if (J s2−s1 , J t2−t1 , J r2−r1) is an autotopism of the quasigroup (Q, ·).
In particular, from Theorem 2.2, we see that the T -quasigroup (Zm, ·) deﬁned by x · y =−x − y is (r, s, t)-inverse relative
to the permutation J = L+
b
of Zm for all sets of integers r, s, t such that r + s + t = 0. This quasigroup has inﬁnitely many
autotopisms of the form (J u, J v, J−(u+v)).
We now prove:
Lemma 4.1. Let (Q, ◦) be a quasigroup deﬁned over the cyclic group (Zn,+) by x ◦y= c+f x+gy, where c, f, g ∈ Zn, and
let J : z → hz where h, n are relatively prime and m is the smallest positive integer such that hm ≡ 1mod n. Then (Q, ◦) has
no non-trivial autotopisms of type (J u, J v, Jw).
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Proof. xJu ◦ yJ v = (hux) ◦ (hvy)= c+f hux+ ghvy and (x ◦ y)Jw =hw(c+f x+ gy). Therefore, xJu ◦ yJ v = (x ◦ y)Jw
for all x, y ∈ Zn implies that f hu=f hw , ghv = ghw and (if c = 0) hw = 1. Thus,w ≡ u ≡ vmodm (so the only autotopisms
of the given type are automorphisms) and, if c = 0, w ≡ 0 mod m so then the only automorphism is the identity map. 
Corollary 4.1. The quasigroups constructed by the methods of Examples 3.1–3.3 of [11] have no non-trivial autotopisms of
type (J u, J v, Jw) and so they are properly deﬁned (r, s, t)-inverse quasigroups relative to J for only one set of integers r, s, t .
In [11], we made the following deﬁnition:
Deﬁnition 4.1. Let (Q1, ·) and (Q2, ◦) be, respectively, an (r1, s1, t1)-inverse quasigroup with respect to the permutation J1
ofQ1 and an (r2, s2, t2)-inverse quasigroup with respect to the permutation J2 ofQ2. Deﬁne (x1, x2)J = (x1J1, x2J2), where
J is a permutation of Q =Q1 ×Q2. Let the binary operation (∗) be deﬁned on Q by (x1, x2) ∗ (y1, y2) = (x1 · y1, x2 ◦ y2).
Then (Q, ∗) is the direct product of the quasigroups (Q1, ·) and (Q2, ◦).
Lemma 4.2. Let (Q1, ·) and (Q2, ◦) be, respectively, an (r1, s1, t1)-inverse quasigroup (Q1, ·) with respect to the permutation
J1 of Q1 and an (r2, s2, t2)-inverse quasigroup (Q2, ◦) with respect to the permutation J2 of Q2. Then the direct product
(Q, ∗) = (Q1, ·) × (Q2, ◦) has no non-trivial autotopisms of type (J u, J v, Jw) relative to the permutation J of Q unless
(J u1 , J
v
1 , J
w
1 ) and (J
u
2 , J
v
2 , J
w
2 ) are, respectively, non-trivial autotopisms of (Q1, ·) and (Q2, ◦).
Proof. Let (J u, J v, Jw) be an autotopism of (Q, ∗)= (Q1, ·)× (Q2, ◦). Then [(x1, x2)∗ (y1, y2)]Jw= (x1 ·y1, x2 ◦y2)Jw=
((x1 · y1)Jw1 , (x2 ◦ y2)Jw2 ) and (x1, x2)J u ∗ (y1, y2)J v = (x1Ju1 , x2Ju2 ) ∗ (y1J v1 , y2J v2 )= (x1Ju1 · y1J v1 , x2Ju2 ◦ y2J v2 ). These
are equal only if (J u1 , J
v
1 , J
w
1 ) and (J
u
2 , J
v
2 , J
w
2 ) are autotopisms of (Q1, ·) and (Q2, ◦), respectively. 
Corollary 4.2. The direct product of quasigroups constructed by the methods of Examples 3.1–3.3 of [11] is a properly deﬁned
(r, s, t)-inverse quasigroup relative to the permutation J deﬁned as in Deﬁnition 4.1 for only one set of integers r, s, t .
Finally, we recall that necessary and sufﬁcient conditions for the direct product (Q, ∗)= (Q1, ·)× (Q2, ◦) to be an (r, s, t)-
inverse quasigroup relative to the permutation J were given in Theorem 4.4 of [11].
5. Nuclei of (r, s, t)-inverse quasigroups
In this section, we study the nuclei of (r, s, t)-inverse quasigroups and we prove that the left, middle and right nuclei of
(r, s, t)-inverse loops coincide. (We recall that every such loop is in fact an r-inverse loop [10].)
Deﬁnition 5.1. The group of all autotopisms of the form (, , ) of a quasigroup (Q, ◦), where  is the identity mapping, is
called the left autotopy nucleus (left A-nucleus) of the quasigroup (Q, ◦). Similarly, the groups of autotopisms of the forms
(, , ) and (, , ) form the middle and right A-nuclei of (Q, ◦). We shall denote these three groups of mappings by NA
l
, NAm
and NAr , respectively.
Isotopic quasigroups have isomorphic groups of autotopisms [2] and so they have isomorphic autotopy nuclei.
In the case when (Q, ◦) is a loop, (, , ) ∈ NA
l
implies in particular that x ◦ e= x ⇔ x ◦ e= x for all x ∈ Q and so = .
Similarly, in a loop, (, , ) ∈ NAr ⇔ = . For the middle nucleus the situation is slightly different, see Theorem 5.2.
Let us remark here that we do not claim that Deﬁnition 5.1 above and the results stated and proved in Lemma 5.1 and Theorems
5.1, 5.2 below are entirely new. Various versions of these facts and deﬁnitions can be found in the quasigroup literature. It is not
difﬁcult to deduce them from results in the following articles: [1,6,12,13,16]. However, partly to make the present article easier
to read, we obtain them here in the form most convenient for us to use.
Lemma 5.1. The ﬁrst components of the autotopisms of any subgroup K(NA
l
) of NA
l
themselves form a group K1(NAl ).
Proof. Let (1, , 1), (2, , 2) ∈ K(NAl ). Then x1 ◦ y = (x ◦ y)1 and x2 ◦ y = (x ◦ y)2 for all x, y ∈ Q. From the
second equation, (x1)2 ◦ y = (x1 ◦ y)2 = (x ◦ y)12 by virtue of the ﬁrst equation. Thus, (12, , 12) ∈ K(NAl ). Let
x = u−11 . Then, x1 ◦ y = (x ◦ y)1 ⇒ u ◦ y = (u−11 ◦ y)1 ⇒ u−11 ◦ y = (u ◦ y)−11 so (−11 , , −11 ) ∈ K(NAl ). Clearly,
(, , ) ∈ K(NA
l
). Hence,  is a ﬁrst component and, if 1 and 2 are ﬁrst components so are 12 and −11 . The result follows.
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In a similar way, we may prove that the third components of the autotopisms of K(NA
l
), the ﬁrst and second components of
the autotopisms of a subgroup K(NAm) of NAm and the second and third components of the autotopisms of a subgroup K(NAr )
of NAr form groups K3(NAl ), K1(N
A
m), K2(N
A
m), K2(N
A
r ), K3(N
A
r ). 
Theorem 5.1. Let (Q, ◦) be a quasigroup and let
Nr = {a ∈ Q : (x ◦ y) ◦ a = x ◦ (y ◦ a)},
Nl = {a ∈ Q : (a ◦ x) ◦ y = a ◦ (x ◦ y)}
and
Nm = {a ∈ Q : (x ◦ a) ◦ y = x ◦ (a ◦ y)}
be, respectively, its right, left and middle nuclei. Let La : a → a ◦ x, Ra : a → x ◦ a. Then,
(i) (, Ra, Ra) for a ∈ Nr is an autotopism of (Q, ◦) which belongs to NAr and the set of all autotopisms of this kind forms a
subgroup NA
R
of NAr under composition of autotopisms isomorphic to the right nucleus Nr ;
(ii) (L−1a , , L−1a ) for a ∈ Nl is an autotopism of NAl and the set of all autotopisms of this kind forms a subgroup NAL of NAl
under composition of autotopisms isomorphic to the left nucleus Nl ; and
(iii) (Ra, L−1a , ) for a ∈ Nm is an autotopism of NAm and the set of all autotopisms of this kind forms a subgroup NAM of NAm
under composition of autotopisms isomorphic to the middle nucleus Nm.
Proof. Firstly, if a ∈ Nr , then x ◦ yRa = (x ◦ y)Ra . Equivalently, x ◦ y = z ⇔ x ◦ yRa = zRa so (, Ra, Ra) ∈ NAr . Let
1 : a → (, Ra, Ra) for a ∈ Nr . Since a ∈ Q and (Q, ◦) is a quasigroup, the correspondence between a and Ra as a varies in
Q is one-to-one. So 1 is one-to-one. Also, b ∈ Nr (or a ∈ Nm)⇒ xRaRb = (x ◦ a) ◦ b= x ◦ (a ◦ b)= xRa◦b for all x ∈ Nr
so RaRb = Ra◦b and a1.b1 = (a ◦ b)1. Thus, 1 is an isomorphism as stated in the theorem.
Secondly, if a ∈ Nl , then (a ◦ x) ◦ y = a ◦ (x ◦ y). Equivalently, if a ◦ x = u and so xLa = u or x = uL−1a , then u ◦ y =
a ◦ (uL−1a ◦ y) = (uL−1a ◦ y)La . Therefore, uL−1a ◦ y = (u ◦ y)L−1a for all u, y ∈ Q and so (L−1a , , L−1a ) is an autotopism
of NA
l
. Let 2 : a → (L−1a , , L−1a ) for a ∈ Nl . Since a ∈ Q and (Q, ◦) is a quasigroup, the correspondence between a
and L−1a as a varies in Q is one-to-one. So 2 is one-to-one. Also, if a ∈ Nl (or b ∈ Nm) then xL−1a L−1b = z implies that
x = zLbLa = a ◦ (b ◦ z)= (a ◦ b) ◦ z= zLa◦b whence z= xL−1a◦b and so L−1a L−1b = L−1a◦b. Therefore, a2.b2 = (a ◦ b)2
and so 2 is an isomorphism.
Thirdly, if a ∈ Nm, then (x ◦ a) ◦ y = x ◦ (a ◦ y). It follows that xRa ◦ y = x ◦ yLa or xRa ◦ vL−1a = x ◦ v, where a ◦ y = v.
Therefore, (Ra, L−1a , ) is an autotopism ofNAm . If3 : a → (Ra, L−1a , ) for a ∈ Nm, then it is easy to see that3 is one-to-one
and that a3.b3= (a ◦b)3 because we have already shown that RaRb=Ra◦b when a ∈ Nm and that L−1a L−1b =L−1a◦b when
b ∈ Nm. Therefore, 3 is an isomorphism. 
Theorem 5.2. Let (Q, ◦) be a loop with identity element e. Then
(i) every autotopism (	, , 	) of its left autotopy nucleus NA
l
can be written in the form (Le	, , Le	), where e	 ∈ Nl ;
(ii) every autotopism (, 
, 
) of its right autotopy nucleus NAr can be written in the form (, Re
, Re
), where e
 ∈ Nr ; and
(iii) every autotopism (, , ) of its middle autotopy nucleus NAm can be written in the form (Re, L−1e , ), where e ∈ Nm.
Proof. If (	, , 	) ∈ NA
l
in a loop (Q, ◦), then x ◦ y = z⇔ x	 ◦ y = z	 so x	 ◦ y = (x ◦ y)	. In particular, e	 ◦ y = (e ◦ y)	 so
y	= yLe	. Therefore, (	, , 	) ∈ NAl ⇒ 	= Le	. Thus, the elements of NAl are (Le	, , Le	), where 	 is any permutation of
Q for which (	, , 	) ∈ NA
l
. But (Le	, , Le	) ∈ NAl ⇔ xLe	 ◦ y = (x ◦ y)Le	 ⇔ (e	 ◦ x) ◦ y = e	 ◦ (x ◦ y)⇔ e	 ∈ Nl .
If (, 
, 
) ∈ NAr , then x ◦ y
 = (x ◦ y)
. In particular, x ◦ e
 = (x ◦ e)
 so x
 = xRe
. Thus, the elements of NAr are
(, Re
, Re
), where 
 is any permutation ofQ for which (, 
, 
) ∈ NAr .Also, (, Re
, Re
) ∈ NAr ⇔ x◦yRe
=(x◦y)Re
 ⇔
x ◦ (y ◦ e
)= (x ◦ y) ◦ e
⇔ e
 ∈ Nr .
If (, , ) ∈ NAm , then x◦y=x ◦y or x◦v=x ◦v−1. In particular, e◦e=e◦e−1, x◦e=x ◦e−1 and e◦v=e◦v−1
from which we deduce that e= e−1, =Re−1 and Le= −1, respectively. Therefore, (, , )= (Re, L−1e , ), as claimed.
Finally, it is easy to see that (Re, L−1e , ) ∈ NAm ⇔ e ∈ Nm. 
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Corollary 5.1. In a loop (Q, ◦), the subgroups NA
R
, NA
L
, NA
M
coincide with the groups NAr , NAl , N
A
m , respectively, and so the
groups NAr , NAl , N
A
m are, respectively, isomorphic to the right, left and middle nuclei Nr , Nl , Nm of (Q, ◦).
Proof. This is an immediate consequence of Theorems 5.1 and 5.2. 
With any quasigroup (Q,⊗) it is possible to associate ﬁve further quasigroups called parastrophes of (Q,⊗). If we denote
the quasigroup operation by the letter A, then with the quasigroup operation A we can associate the following quasigroup
operations (see [2–4,8,17,18]): A(x1, x2) = x3 ⇔ A(12)(x2, x1) = x3 ⇔ A(13)(x3, x2) = x1 ⇔ A(23)(x1, x3) = x2 ⇔
A(123)(x2, x3)= x1 ⇔ A(132)(x3, x1)= x2.
In other words A(x1, x2)= x3 ⇔ A(x1, x2)= x3 where  ∈ S3. For example, A(132)(x3, x1)= x2 ⇔ A(x1, x2)= x3:
that is, A(132)(x1(132), x2(132))= x3(132) ⇔ A(x1, x2)= x3.
Notation. We shall ﬁnd it convenient later to employ the alternative notation
x1 ⊗ x2 = x3 ⇔ x1⊗x2 = x3,
where  ∈ S3, for parastrophic operations.
The concept of parastrophy has a well-known geometrical motivation. (See, for example [3,17,18].)
Lemma 5.2. Let  = (1, 2, 3) and  = (1, 2, 3) be isotopisms from (Q,A) to (Q,B). Then  = (1, 2, 3) and
 = (1, 2, 3) are isotopisms from (Q,A) to (Q,B) and () = , where  ∈ S3.
Proof. The ﬁrst statement is obvious from the deﬁnitions. For the second statement, we have
() = (11, 22, 33) = (11, 22, 33)= . 
Deﬁnition 5.2. A collection of permutations [, (1, 2, 3)] = [, ], where  ∈ S3 and 1, 2, 3 are permutations of the set
Q, is called an autostrophism of the quasigroup (Q,A) if and only if A(x11, x22)= x33 [4] for all (x1, x2, x3) ∈ A or, in
our alternative notation, if and only if x1 ⊗ x2 = x3 ⇔ x11⊗x22 = x33.
Thus, = (1, 2, 3) is an isotopism from the quasigroup (Q,A) to its parastrophe (Q,A).
Often an autostrophism [, ] is called a -autostrophism  or an autostrophism  of type .
Theorem 5.3. The set of all autostrophisms Aus(Q,⊗) of the quasigroup (Q,⊗) form a group with respect to the operation
[, ] · [, ] = [, ].
Proof. Let [, ] and [, ], where ,  ∈ S3 and = (1, 2, 3), = (1, 2, 3), be autostrophisms of the quasigroup (Q,⊗).
Then
x11⊗x22 = (x1 ⊗ x2)3 (5.1)
and
x11⊗x22 = (x1 ⊗ x2)3 (5.2)
for all x1, x2 ∈ Q.
Let x1 ⊗ x2 = x3. Then, x1⊗x2 = x3.
From Eq. (5.1), we have
x11⊗x22 = x33 = (x1⊗x2)3. (5.3)
Let y1 = x1−11 and y2 = x2−12 . Then, from Eq. (5.3),
y111⊗y222 = (y11⊗y22)3 = (y1 ⊗ y2)33
by virtue of Eq. (5.2). This condition is valid for all y1, y2 ∈ Q and is the condition that [, (11, 22, 33)] is an
autostrophism of (Q,⊗). That is, [, ] is an autostrophism.
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Thus,Aus(Q,⊗) is closed under the operation [, ] · [, ]=[, ] and evidently [, ] is an identity element.We observe
that [−1, (−1)−1 ]·[, ]=[−1, ([−1]−1)]=[, −1]=[, ] and [, ]·[−1, (−1)−1 ]=[, (−1)−1−1 ]=[, ],
so the autostrophism [, ] has a two-sided inverse [−1, (−1)−1 ]. Finally, the operation (·) is associative since
([, ] · [, ]) · [, ] = [, ] · [, ] = [, ()] = [, ]
and
[, ] · ([, ]) · [, ])= [, ] · [, ] = [, ()] = [, ]. 
Autostrophisms and the autostrophy group of a quasigroup have been studied in the following articles and books: [3,4,17,18].
If=(1, 2, 3) is an autotopismof (Q,⊗), this is equivalent to saying that [, ] is an autostrophism.Since [, ]−1[, ][, ]
=[−1, (−1)−1 ][, ]=[−1, (−1)−1]=[, −1], the subgroup ofAus(Q,⊗) formed by such autostrophisms
is a normal subgroup isotopic to the autotopism group of (Q,⊗).
For the purpose of studying the nuclei of an (r, s, t)-inverse quasigroup, we shall use the fact that a quasigroup (Q,⊗) is an
(r, s, t)-inverse quasigroup if and only if it has a [(1 2 3), (J s, J t , J r )] autostrophism. This fact follows almost immediately
from the deﬁnition: for a quasigroup (Q,⊗) is an (r, s, t)-inverse quasigroup if and only if there exists a permutation J of Q,
such that (x⊗y)J r ⊗xJ s =yJ t for all x, y ∈ Q. But then xJ s⊗(1 2 3)yJ t = (x⊗y)J r from which the result follows at once.
Let H = [(1 2 3), (J s, J t , J r )] = [(1 2 3), Jˇ ] say.
Then
H−1 = [(1 3 2), (Jˇ−1)(1 3 2)] = [(1 3 2), (J−s , J−t , J−r )(1 3 2)]
= [(1 3 2), (J−r , J−s , J−t )].
If = (1, 2, 3) is an autotopism of (Q,⊗), we can deduce from the relation [, ]−1[, ][, ] = [, −1] above that
H−1[, ]H = [, Jˇ(1 2 3)Jˇ−1]
= [, (J s2J−s , J t3J−t , J r1J−r )],
which is another autotopism. Also,
H [, ]H−1 = [, (Jˇ−1Jˇ )(1 3 2)]
= [, (J−r3J r , J−s1J s, J−t2J t )],
which is again an autotopism.
Let (Q,⊗) be an (r, s, t)-inverse quasigroup and let l = (1, , 3) ∈ NAl . Then, from above,
H−1lH = (, J t3J−t , J r1J−r ) ∈ NAr ,
HlH
−1 = (J−r3J r , J−s1J s, ) ∈ NAm.
Let r = (, 2, 3) ∈ NAr . Then,
H−1rH = (J s2J−s , J t3J−t , ) ∈ NAm,
HrH
−1 = (J−r3J r , , J−t2J t ) ∈ NAl .
Let m = (1, 2, ) ∈ NAm . Then
H−1mH = (J s2J−s , , J r1J−r ) ∈ NAl ,
HmH
−1 = (, J−s1J s, J−t2J t ) ∈ NAr .
Theorem 5.4. In an (r, s, t)-inverse quasigroup (Q,⊗), the left, right andmiddleA-nuclei are isomorphic in pairs.More exactly,
we may say that NAr =H−1NAl H , NAm =H−1NAr H and NAl =H−1NAmH .
Proof. From the equalities above, it follows that H−1NA
l
H ⊆ NAr and HNAr H−1 ⊆ NAl . From the second relation, NAr ⊆
H−1NA
l
H since Aus(Q,⊗) is a group. Hence, NAr =H−1NAl H .
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Similarly, H−1NAr H ⊆ NAm and HNAmH−1 ⊆ NAr . Also, H−1NAmH ⊆ NAl and HNAl H−1 ⊆ NAm . Therefore, NAm =
H−1NAr H and NAl =H−1NAmH . 
Notation. From Lemma 5.1, it follows that the ﬁrst, second and third components of NA
l
, NAm and NAr each form groups. For
brevity, we shall denote these nine groups by 1NAl , 2N
A
l
, 3NAl , 1N
A
m , 2N
A
m , 3N
A
m , 1N
A
r , 2N
A
r and 3NAr .
Corollary 5.2. In an (r, s, t)-inverse quasigroup (Q,⊗), the following equalities hold:
J t ( 3N
A
l )J
−t = 2NAr , (5.4)
J r ( 1N
A
l )J
−r = 3NAr , (5.5)
J s( 2N
A
r )J
−s = 1NAm, (5.6)
J t ( 3N
A
r )J
−t = 2NAm, (5.7)
J r ( 1N
A
m)J
−r = 3NAl , (5.8)
J s( 2N
A
m)J
−s = 1NAl . (5.9)
Proof. We can re-write the equality H−1NA
l
H = NAr in the form [(132), (J−r , J−s , J−t )] · [, (1NAl , , 3NAl )] · [(123),
(J s, J t , J r )] = [, (, 2NAr , 3NAr )].
That is, [, (, J t ( 3NAl )J−t , J r ( 1NAl )J−r )]=[, (, 2NAr , 3NAr )] and so J t ( 3NAl )J−t= 2NAr and J r ( 1NAl )J−r= 3NAr .
The equalities (5.6), (5.7), (5.8) and (5.9) can be proved in a similar way. 
Remark 5.2. We remind the reader that a (k, k + 1, k)-inverse loop is called a k-inverse loop for brevity.
Theorem 5.5. In a k-inverse loop (Q,⊗), Nl =Nm =Nr .
Proof. In Theorem 5.2, we proved that, in a loop (Q,⊗) with identity element e,
	i ∈ 1NAl = 3NAl ⇔ e	i ∈ Nl,

j ∈ 2NAr = 3NAr ⇔ e
j ∈ Nr,
(k, k, ) ∈ NAm ⇔ ek ∈ Nm and ek = e−1k .
Equivalently,
1N
A
l = 3NAl = 〈	i : i ∈ I 〉 ⇔ 〈e	i : i ∈ I 〉 =Nl,
2N
A
r = 3NAr = 〈
j : j ∈ J 〉 ⇔ 〈e
j : j ∈ J 〉 =Nr and
1N
A
m = 〈k : k ∈ K〉, 2NAm = 〈k : k ∈ K〉 = 〈−1k : k ∈ K〉 ⇔ 〈ek : k ∈ K〉 =Nm and ek = e−1k ,
where i ∈ I if (	i , , 	i ) ∈ NAl , j ∈ J if (, 
j , 
j ) ∈ NAr and k ∈ K if (k, k, ) ∈ NAm .
It follows from this and from Eqs. (5.6) and (5.7) that, in a k-inverse loop, Nm = J k+1NrJ−(k+1) and Nm = J kNrJ−k
so JNrJ
−1 = Nr and hence Nm = Nr . Also, from Eqs. (5.8) and (5.9), Nl = J k+1NmJ−(k+1) and Nl = J kNmJ−k so
JNmJ
−1 =Nm and hence Nl =Nm. 
This theorem was ﬁrst proved in [9].
Corollary 5.3. In a CI-loop or aWIP-loop, Nl =Nr =Nm.
Proof. Since a CI-loop is a (0, 1, 0)-inverse loop and a WIP-loop is a (−1, 0,−1)-inverse loop, the result follows immediately
from Theorem 5.5. 
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Finally, since every (r, s, t)-inverse loop (L, ◦) in which a ◦ aJ = e for all a ∈ L (where e is the identity element) is an
r-inverse loop, Theorem 5.5 shows that the left, right and middle nuclei coincide in every such loop.
Remark 5.3. Let us call a quasigroup (Q, ◦) which satisﬁes the identity (a ◦ b) ◦ a = b for all a, b ∈ Q, where , , 
are ﬁxed permutations of Q, an (, , )-inverse quasigroup. Analogues of Theorems 5.4 and 5.5 are true for (, , )-inverse
quasigroups. We discuss the properties of (, , )-inverse quasigroups in a forthcoming paper.
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